Math 247A Lecture 19 Notes

Daniel Raban

February 21, 2020

1 The Mikhlin Multiplier Theorem and Properties of Littlewood-
Paley Projections

1.1 The Mikhlin multiplier theorem

Theorem 1.1 (Mikhlin multiplier theorem). Let m : R4\ {0} — C be such that |Dgm(§)| <
|71l uniformly for |€] # 0 and 0 < |af < [%] Then

~

frr @) =m" « f
is bounded on LP for all 1 < p < 0.

Proof. By Plancherel and m € L*, we get boundedness on L?. So it suffices to check
regularity condition (c):

/ ImY (z +y) —m"(z)|dr <1
|z]>2ly]
uniformly in y. We have

/ V(@) — V@) de S Y
|z[>2]y]|

/ m (z + y) — m¥(x)| de
Ne2Z ‘x|22|y‘

where My = mipy = map( - /N).
< E Vil oy ]
N<[y|~! /|‘”>2|y| my (@ —y) —my(@)] do

42 Z/ imY(z)] da
N>\y|*1 || >yl

1
<y / ] / Vi (z + 0y)| dO de
N<|y|-1 lz[>2[y] 0
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+2 Z/ |m¥ ()| de.
N>[y|-1 x>yl

Last time, we had pointwise bound on derivatives by assuming more conditions for more
values of a. Here, instead, we will use Plancherel. By Plancherel,

[(2miz)*my ()| 12 = HD?mNHLg

« 1 «
= D o DEmE) - 1 (DEE/N) 2
a1tas=«
1/2
S D ( / lsr‘Q'alN‘Q'”'d&)
al+ag
< Nd/2-lal

forall 0 < a < [%] By Cauchy-Schwarz,
/ m (2)) da < [[m2AY? < (AN)Y2.
lz|<A

Similarly,

1/2
/ im (2)| dz < [l2%m 2 ( / R dx>
|z|>A |z|>A

< N¥/2-lel gd/2=la
provided || > d/2. So for a = [%1 > d/2, we get
/ im¥ (z)| dz < (NA)Y/?=1d+D/2]
|z|>A

Then

/ @) dr S 3 (N2
|z|>]y]

|z[> |y~ N>y~

This is a geometric series, so it is smaller than a constant times its largest term.
<1,

~

uniformly in y € R?. Taking A = N~! in our relations, we get
[mkte) s
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uniformly in N.
The same arguments would give

[ 1vmista)ldz < .
uniformly in V. Indeed,

|(2miz)*Vmyll2 = [|D*(Emn) |2

1/2
<. / g2l y—2la d&)
2 ( eloN

a1tas=«

S Nl—‘rd/Q—la‘ ,

so we get
/ Vmye| S N'F2AY2 = n(N A2,
lz|<A

[ 19yl S N@rayeTn,
|z|>A

We can now estimate

1
3 \yr/ /\memwy)medws S NS
|z[>2]y| JO

N<Jy|—L N<Jy|—L

uniformly in y.

1.2 Properties of Littlewood-Paley projections
Recall the Littlewood-Paley projections:
1 |z| <14
T) = - z) =¢(@) —¢(2).
p(x) {0 2] > 142, P(x) = p(x) — p(22)

Then we had
fv =Pnf =[N (N,
fen = P<nf=fx NU%V(N ).
Here are the basic properties of Littlewood-Paley projections.

Theorem 1.2.

1. ||anp + HfSNHP N ”f”p uniformly in N and for 1 < p < oo.



2. |fn(@)| + [fen ()| S Mf(x).
3. For f € LP with 1 < p < 00, we have f £ > nNeoz IN-
4. (Bernstein’s inequality) For 1 < p < g < oo,

1nllg S NV fl,

[ fenllg S NYP=49) fo ||

5. (Bernstein) For 1 <p < oo and s € R,

VIl ~ N[ vl

In particular, for s >0 and 1 < p < o0,
VI f<nllp S N2 f<nllp-
IVIZ fonlly S N2 lp-
Proof.
1. By Young’s inequality,
1Fnllp = ILf * N9V (N )l
Sl NV (N )l = [0V [h
—_—

S [l

1f<nllp = IIF * N%Y (N )l
S I lpller 1
S [ lp-

v (@) < / F) N (N(z — )] dy
1

d
SN 10

< d d
<N /xylgl/le(y)lder SN /R

Re2Z

/()]

IN<|z—y|<2r/N 1T

dy



How do we make this look like the maximal function?

dy
’B €, 1/N )l / xl/N 1)

+ R4 y)|dy
RGZQZ B(z, 2R/N)’ B(a:ZR/N)’ @)l

SMf@) |1+ > R

Re2?
S Mf(z).
3. First assume f € S(RY). By Plancherel and dominated convergence,

N0
If = Py<.<in fll2 — 0.

140

N 1-6 _
For1<p<2,wr1te5—9—|—T— R

If = Pye<infllp < If = Pyccyn FIIF = Pucciyn 11370
< (Iflh + ||PN§-§1/NfH1)9 lf = PNg-gl/Nsz_e

N—0 0
by property (1). For 2 < p < o0,

If = Pyecowflo < 13711 13577
— e — —

NS0, Sl

If f € LP, let g € S(R?) such that || f — g||, < 6. Then

|f = Py<.<infllp S llg — Py<<ingllp + [1f = glllp + [[Py<.<in(f — 9)lp
o(l)+¢

as N — 0. O
We will prove (4) and (5) next time.

Remark 1.1. (3) fails for p =1 and p = 0. For p =1, [Pyf = ];,;‘"(0) = 0, so pick
some function with mean 0.
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